Solution to Problem #4
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We will proceed by induction on n. For n =0, F,,,F} — FoF,, = (—1)°F,, is
clearly satisfied, since Fy = 0 and F; = 1. Assume that

Fo.Foi1 — FFpiq = (—1)"F,,_, for all m,
where n is arbitrarily fixed. We want to show that
FrFois — Fust Frp1 = (1) F,, (41 for all m,
Let us denote by L the left-hand side of this last, desired relation. The relation
Foio=Fop1+F,yields L = F, Fp 1+ Fo Fry— Frup1 Finp1. Then, the inductive
hypothesis on F,, F,,+1 implies
L=[(-1)"Fp—n+ FyFni1) + FnFn — Foy1Fnga
Since Fp, + Fiq1 = Fiyo, it follows that
L=—(Fps1Fny1 — FoFpye) + (1) Fr_p.

The inductive hypothesis (with m+1 in the role of m) assures that Fp, 1 F, 41—
Fanrz+2 = (_1)nF(m+1),n, and hence

L= (_1)n+1(Fm+1fn - men)~

Since Frii1-n = Frien + Fri_n—1, it follows that L = (—1)”+1Fm_(n+1), as
desired.

Note: The proven result is known as d’Ocagne’s identity. However, I have not
checked in the literature if a simpler proof is presented.



