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1. (6 Points)
Use mathematical induction to prove that for all n ≥ 1:
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(b) 64|(32n+3 + 40n− 27).
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2. (6 Points)
(a) Use the Euclidean algorithm to find gcd(2378, 1769).

(b) Express gcd(2378, 1769) as a linear combination of 2378 and 1769.
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3. (6 Points)
(a) Solve the Diophantine equation 858x+ 253y = 33.

(b) Solve the following system of congruences:{
11x+ 5y ≡ 7 (mod 20)

6x+ 3y ≡ 8 (mod 20)
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4. (6 Points)
(a) Find the remainder when 375 · 2100 − 3587 is divided by 6.

(b) If the remainder is 5 when n is divided by 8, find the remainder when n3 + 5n is
divided by 8.
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5. (6 Points)
(a) Without performing the division, determine whether the integer 149, 235, 678 is
divisible by 9 or 11.

(b) If a is an odd integer, prove that for any integer n ≥ 1 we have a2n ≡ 1 (mod 2n+2).
(Hint: use induction on n.)
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6. (6 Points)
(a) Solve the quadratic congruence x2 ≡ −1 (mod 23).

(b) If p is a prime of the form 4k + 3, prove that

2 · 4 · 6 · · · (p− 1) ≡ ±1 (mod p).

( Hint: (p−1
2

)! ≡ ±1 (mod p) and 2
p−1
2 ≡ ±1 (mod p).)
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7. (4 Points)
(a) Find τ(756) and σ(756).

(b) Find φ(324) and ∑
1≤k<324

gcd(k,324)=1

k.
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