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1. (5 Points)
Use mathematical induction to prove that for all n ≥ 1:

(a) 12 + 32 + 52 + . . .+ (2n− 1)2 =
(
2n+1

3

)
.

(b) 5|33n+1 + 2n+1.
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2. (5 Points)
(a) Use the Euclidean algorithm to find gcd(4928, 1771).

(b) Express gcd(4928, 1771) as a linear combination of 4928 and 1771.
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3. (5 Points)
Determine all integer solutions of the Diophantine equation

123x+ 360y = 99.
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4. (5 Points)
Use the theory of congruences to:
(a) Find the remainder when 4165 is divided by 7.

(b) Show that 7|52n + 3 · 25n−2 for all n ≥ 1.
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5. (5 Points)
Solve the following system of congruences:

x ≡ 5 (mod 6)

x ≡ 4 (mod 11)

x ≡ 3 (mod 17)
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6. (6 Points)
Let p > 2 be a prime number and let a and b be integers not divisible by p.
(a) If ap ≡ bp (mod p), prove that a ≡ b (mod p).

(b) If k ∈ Z, prove that p2 divides (b+ pk)p − bp.

(c) If ap ≡ bp (mod p), use parts (a) and (b) to prove that ap ≡ bp (mod p2).
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7. (4 Points)
(2) Solve the quadratic congruence

x2 + 1 ≡ 0 (mod 23).

(b) Find the remainder when 2(26!) is divided by 29.
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8. (5 Points)
(a) Find σ(756) and τ(324).

(b) If p and 2(2p− 1) are both odd primes, prove that Φ(n+ 2) = Φ(n).
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